Introduction
A field E is said to be formally real, if −1 is not presentable over E as a finite sum of squares; we say that E is nonreal, otherwise. The field E is called quasilocal, if its finite extensions are primarily quasilocal (briefly, PQL) fields. This paper is devoted to the study of norm groups of E , provided that it is formally real and quasilocal.
Let R/E be a finite extension and N(R/E) its norm group. We first show that the index i(R/E) of N(R/E) in the multiplicative group E * of E is at most equal to the degree [R : E] . A finite extension Φ of E is said to be a class field of E , if i(Φ/E) = [Φ : E] . The present research proves the existence of class fields of E with a norm group N(R/E) , and shows that they are isomorphic as algebras over E to a uniquely determined intermediate field cl (R/E) of R/E . It is also established that the canonical mapping of the set of subfields of cl (R/E) including E into the set of subgroups of E * including N(R/E) is bijective. The main results of the paper give an essentially complete description of the set Nr (E) of norm groups of E . They extend the field-theoretic basis of one-dimensional local class field theory. Their form is particularly simple in the special case where E is strictly quasilocal, i.e. finite extensions of E are strictly PQL-fields. When this occurs, it turns out that one can take as a full system of representatives of class fields of E the union Σ 1 ∪ Σ 2 , where Σ 2 is the set of those finite extensions of E into an algebraic closure E of E , which contain a square root of −1 , and Σ 1 is the set of finite extensions of E in a fixed real closure of E in E . This is established by showing that the canonical mapping of Σ 1 ∪ Σ 2 into Nr (E) is bijective and transforms field compositums into group intersections and field intersections into inner group products.
The basic field-theoretic notions needed for describing the main results of this paper are the same as those in [4] . For convenience of the reader, we recall that a field E is said to be PQL, if every cyclic extension F of E is embeddable as an E -subalgebra * Partially supported by Grant MM1106/2001 of the Bulgarian Foundation for Scientific Research.
in each central division E -algebra D of Schur index ind (D) equal to the degree [F : E] . When this occurs, we say that E is a strictly PQL-field, if the p -component Br (E) p of the Brauer group Br (E) is nontrivial, in case p runs through the set P(E) of those prime numbers, for which E is properly included in its maximal pextension E(p) in E sep , a separable closure of E . It is worth noting that PQL-fields and quasilocal fields appear naturally in the process of characterizing some of the basic types of stable fields with Henselian valuations (see [3; 5] and the references there). Our research, however, is primarily motivated by the fact that strictly PQLfields admit one-dimensional local class field theory, and strictly quasilocal fields are those whose finite extensions have such a theory (see Section 2 and [4, Theorem 1 and Sect. 2]). As to the choice of our main topic, it is determined by the fact that the structure of formally real quasilocal fields is known (cf. [3, Sect. 3] ) and gives an idea of interesting properties of arbitrary quasilocal fields. The main results of this paper can be viewed as a nonabelian analogue to local class field theory (cf. [9] ). The first one of them can be stated as follows:
Theorem 1.1. Let E be a formally real quasilocal field, E an algebraic closure of E , and Π 1 the set of those prime numbers p , for which the absolute Galois group
Then class fields and norm groups of E are related as follows: theory (see [9, Sect. 6.3] ). Combined with Theorem 1.1 (iii), it gives a fairly complete description of norm groups of E , as well as of subgroups of E * of finite indices, and characterizes the isomorphism classes of class fields of E . Before stating the result, let us note that G E is a metabelian group (see Section 3). This implies that G E is prosolvable, which ensures, for each set Π of prime numbers, the existence in G E of a unique conjugacy class of (closed) Hall pro-Π -subgroups. Theorem 1.2. With assumptions being as in Theorem 1.1, let Λ 2 be the extension of E in E corresponding by Galois theory to a Hall pro-Π 1 -subgroup H Π 1 of G E , and let Λ 1 be a real closure of E in Λ 2 . Assume also that Σ 1 is the set of finite extensions of E in Λ 1 , and Σ 2 is the set of finite extensions of E in Λ 2 of even degrees. Then Λ 1 is uniquely determined, up-to an E -isomorphism, and the following assertions are true:
is bijective and satisfies the conditions N(( The main results of the paper are proved in Section 3, and Section 2 includes preliminaries needed for the purpose. Throughout the paper, division algebras are supposed to be associative and finite-dimensional over their centres, homomorphisms of profinite groups are assumed to be continuous, and Galois groups are viewed as profinite with respect to the Krull topology. We say that a field E is Pythagorean, if it is formally real, and E * 2 is additively closed (see also [8, Satz 1] ). Our basic terminology and notation related to simple algebras and Brauer groups is standard (for example, as in [12] and [13] ), as well as those concerning profinite groups, Galois cohomology, field extensions and Galois theory (see, for example, [15] and [10] ).
Preliminaries
Let E be a field, E sep a separable closure of E , Nr (E) the set of norm groups of finite separable extensions of E , and Ω(E) the set of finite abelian extensions of E in E sep . We say that E admits (one-dimensional) local class field theory, if the mapping π of Ω(E) into Nr (E) defined by the rule π(F) = N(F/E) : F ∈ Ω(E) , is injective and satisfies the following two conditions, for each pair (M 1 , M 2 ) ∈ Ω(E) × Ω(E) :
(2.1) The norm group of the compositum M 1 M 2 is equal to the intersection
Our approach to the study of fields with local class field theory is based on the following two lemmas (proved in [6] ). Lemma 2.1. Let E be a field and L an extension of E presentable as a compositum of extensions L 1 and L 2 of E of relatively prime degrees. Then (i) Br (E ′ ) p = {0} , for every algebraic extension E ′ of E ;
(ii) The exponent of the group E * 1 /N(E 2 /E 1 ) is not divisible by p , for any pair 
The obtained result proves the implication (i) → (ii). 
Proofs of the main results
It has been proved in [ (3.1) (i) σ(ε n ) = ε −1 n , where ε n is a primitive n -th root of unity in E( √ −1) , and n is a fixed positive integer not divisible by 2 ;
(ii) E( √ −1) * equals the inner group product E * E( √ −1) * p , for each prime p > 2 .
(iii) Br (F) is a group of order 2 , for every formally real algebraic extension F of E .
As a step towards the proof of the main results of this paper, we prove the existence part of Theorem 1.1 (i), and obtain a nonabelian analogue to the local reciprocity law.
Proposition 3.1. Let E be a formally real quasilocal field, E an algebraic closure of E , P the set of prime numbers, and Π j = {p j ∈ P : cd p j (G F ) = j} , j = 1, 2 .
Assume also that R and R 1 are finite extensions of E in E ,
is the maximal extension of E in R of odd degree, and E 1 = E( √ −1) . Then the following is true: 
. Note also that (3.1) (ii) implies that E * 1 = E * E * n 1 , for every odd integer n > 2 , so Lemma 2.1 leads to the following conclusion:
: E] , and the embedding of R ′ 0 into R ′ 1 induces a group isomorphism E * /N(R 0 /E) ∼ = E * 1 /N(R 1 /E 1 ) . Also, the set I 1 of subgroups of E * 1 including N(R 1 /E 1 ) consists of the norm groups of the extensions of E 1 in R ′ 1 , and the mapping of I 1 into the set I 0 of subgroups of E * including N(R 0 /E) , defined by the rule H 1 → H 1 ∩ E : H 1 ∈ I 1 , is bijective. In particular, I 0 coincides with the set of norm groups of extensions of E in R ′ 0 .
Observing finally that E * /N( It follows from (3.2) and the structure of G E that E * 2n = E * 2 k n , for every k ∈ N , and E * /E * n is isomorphic to the direct product C n × C n 0 , where C n and C n 0 are cyclic groups of orders n , and n 0 , respectively. In particular, this proves Theorem 1.2 (ii). Assume now that n = n 0 , i.e. E * /E * n ∼ = C n × C n , fix elements b 1 and b 2 of E * so that b j E * n : j = 1, 2 = E * /E * n , and denote by Φ 1 the
As E * n is included in every subgroup of E * of index n , the obtained result enables one to deduce Theorem 1.1 (iii) from Proposition 3.1 and statement (3.2). The conclusion of Theorem 1.2 (iii) is contained in Proposition 3.1, and the uniqueness of Λ 1 (up-to an E -isomorphism) follows from the prosolvability of G E and the fact that Λ 1 corresponds by Galois theory to a Hall pro-(Π 1 ∪ {2})subgroup of G E . It remains for us to prove Theorem 1.2 (i). Let L be a finite extension of E in E of odd degree, and let L be a class field of E . In view of the structure of G E , Theorem 1.1 (iii) and Galois theory, then G L includes a Hall pro-(Π 1 ∪ {2}) -subgroup, which ensures that L embeds in Λ 1 as an E -subalgebra.
Returning now to the proof of Theorem 1.1 (i) and (ii), one obtains without difficulty that Σ 1 ∪ Σ 2 is a system of representatives of the class fields of E , and also, that the canonical mapping of Σ 1 ∪ Σ 2 into Nr (E) has the properties required by Theorem 1.2 (i). Thus our proof is complete.
Remark 3.2. Let E , Π 1 and Π 2 satisfy the conditions of Proposition 3.1.
(i) Arguing as in the proof of Theorem 1.2 (ii), one obtains that if H is a subgroup of E * of finite index n , and E * /H is of exponent e , then n divides e 2 , and E * /H is isomorphic to the direct sum of two cyclic groups (of orders e and n/e , respectively). One also sees that n/e is not divisible by any p ∈ (Π 1 ∪ {2}) .
(ii) It has been shown in the process of proving Proposition 3.1 that if R is a nonreal finite extension of E , then Br (R) is isomorphic to the direct sum ⊕ p∈Π 2 Z(p ∞ ) .
This, combined with (3.1) (iii), proves that E is strictly quasilocal if and only if Π 1 is empty. Note finally that if P and P 1 are subsets of the set P of prime numbers, such that P 1 ⊂ P and 2 ∈ (P \ P 1 ) , then there exists a formally real quasilocal field F with the property that P = {p ∈ P : cd p (G F ) = 0} and P 1 = {p ∈ P : cd p (G F ) = 1} . The observations at the beginning of this Section indicate that the pair (P, P 1 ) determines G F uniquely, up-to an isomorphism, independently of the choice of F .
